80 5. THE WHAT-IF-NOT STRATEGY IN ACTION

Some Data''

How often have you caught yourself daydreaming over a doodle of some kingd
or cven over some arithmetic calculation? The following is some very
unexpected fall-out based on a “What-I1f-Not™ perspective imposed on just
such a situation.

Look at the following number pattern that was arrived at in a spirit of doodling:

le3= 3
2+4= 8§
3+5=15
de6=24
5¢7=135

There are many atiribules 10 observe in the above. For example, notice that:

. Incach case there are two lactors,
2. The factors in each pair differ by 2.
3. The differences between the products form an interesting patiern:
8-3=5
I5-8=7
4-15= 9
I[5-1=1]

Msee Stephen L Brown, “A New Multiplication Algorithm: On the Complexity of Simplicity.”
Arithmetic Teacher 22071, 1975, pp. 546-354, and “A Musing on Muliiplications.” Mathematics
Teaching, 61, 1974, pp, 26-30
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it appears that the differences form an arithmelic progression; furthermore. the
products alternite in parity (odd, even, odd, even, odd). You could wke these data
and generate many observalions, conjectures or questions in the spirit of chapter 3,
in which we accept the given.

We could also do a “What-1f-Not™ on the data in the spirit of chapter 4. With the
intention of carrying out such an exploration, let us list one more attribute that was
the impetus for this investigation. First look once more st 3, 8, 15,24, and 35 ... as
the start of a sequence. If you think in metaphors like “striving,” you will be
impressed that those numbers in the sequence are all alimost perfect squares. They
all miss by |. Here is the picture:

l«3= 3= 3 (missingby]l)
2e4= 8= 9(missing by 1)
3e5=15= 16 (missing by 1)
4 6=24 — 25 (missing by 1)
57=35—=26(missingby I)

To see where this might lead, let us focus on the attribute that asserts that the
factors differ by two. Suppose they are made to differ by four. Then if we still start
with 1, we have:

l=5=35
2+6=12
A«T=21
4+8=32
5+9=45

So what? In using the “What-1f-Not™ strategy we have to ask a question,
something we have not done yet. Let us choose as a question something that comes
out of the last attribute we observed earlier, that the pattern almost yields squares.
Let us ask, “Can we get that again?”

1e$5= 5=@+1
2:6=12=Q+3
17221200 +5
408=32=029 +7
5.9=45=(6 +9
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Although this pattern yietds squares, the correction factors form an arithmetic
progression (1, 3, 5. 7, 9). In our original metaphor of “striving.” the correction
factor for all numbers was the same. namely, the number 1. Can we find something
like that here? 1f we try for 9 rather than 4 as the “striven square”™ for |+ 5, let’s sce
what emerges.

|
<

4e8 =

509 =

Notice that here we have the same correction factor -4 in every case. Furthermore,
that correction factor itself is a perfect square! As we look back at the original data,
we realize that there too the correction factor, 1, is also a perfect square.

At this point, you arc probably tempted to explore another variation of the
product pairs. Again, let us strive for squares given the following factors. (What
kind of number is the correction factor itsell”?

1e7s 7@
2e8=16=6)-

Finish up on your own!

There is a 1ot 1o explore just following this particular line of thought. Can you
calculate 5 » 13 so that the “striven number” and the correction factor are both
squares? Can you lind those squares in an efficient manner?

If you think of the two numbers as sitting on the ends of a scesaw, then itis casy
to figure out how 1o create the two squares. The following picture suggests what is
happening. Ninc is midway between 5 and 13. thus “balancing™ 5 and 13, It is easy
to see that the correction Tactor is 4,

5

A 13

. T /
o

-ln A

So:5e13 =92~ 42

The implications of this scarch are extraordinary; they suggest, ultimately, a new
algorithm for multiplying any two integers. The search was in fact begun by doing a
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“What-I-Not™ based on free-Moating musing as a start. You might want 1o
investigate whether this newly emerging procedure (multiplying any two numbers
in terms of the difference of squares) actually becomes complicated or not. It is
much more manageable than you would guess initially.

Before leaving this activity. you might also want to do at least onc more
“What-1f-Not” on the data to see if you can find another starting path, based on your
own musc, [t might be worth saving your future doodles (o see in what unexpected
directions later “What-1f-Nots™ might take you,





